This paper presents an analytical model and a geometric numerical integrator for a tethered spacecraft model that is composed of two rigid bodies connected by an elastic tether. This high-fidelity model includes important dynamic characteristics of tethered spacecraft in orbit, namely the nonlinear coupling between tether deformations, rigid body rotational dynamics, a reeling mechanism, and orbital dynamics. A geometric numerical integrator, referred to as a Lie group variational integrator, is developed to numerically preserve the Hamiltonian structure of the presented model and its Lie group configuration manifold. This approach preserves the geometry of the configurations, and leads to accurate and efficient algorithms that have guaranteed accuracy properties that make them suitable for many dynamic simulations, especially over long simulation times. These analytical and computational models provide a method for validating simplifying assumptions that are typically employed in the literature, and numerical simulations are presented that demonstrate the important qualitative differences in the tethered spacecraft dynamics when high-fidelity model is employed, as compared to models with additional simplifying assumptions.
Introduction
Tethered spacecraft are composed of multiple satellites in orbit, that are connected by a thin, long cable. Numerous innovative space missions have been envisaged, such as propulsion by momentum exchange, extracting energy from the Earth's magnetic field, satellite de-orbiting, or Mars exploration [1, 2, 3] , and several actual missions, such as TSS, SEDS, or YES2 have been conducted by NASA and ESA [1, 4] .
The dynamics of tethered spacecraft involves nonlinear coupling effects between several dynamic modes evolving on multiple length and time scales. For example, a full scale tethered spacecraft may employ tethers with lengths up to a hundred kilometers, while recently proposed nano-tethered spacecraft may employ short tethers of several meters in length. This is in stark contrast to the orbital radius of tethered spacecraft, which is several thousand kilometers. The natural frequency of the tether is much higher than the frequency of the rotational attitude dynamics or the orbital period of the spacecraft. The rotational dynamics of spacecraft is nontrivially coupled to the tension of the tether, which is affected by the reeling mechanism and orbital maneuver. Therefore, it is important to accurately model tether dynamics, attitude dynamics of the spacecraft, reeling mechanisms, gravitational force and the interactions between them.
Several analytic and numerical models have been developed for tethered spacecraft. However, due to the complexities of tethered spacecraft, it is common practice to use simplified models. Two point masses connected by a rigid tether were considered in [5] . The dynamics of a massless, flexible tether was included in [6] . Transverse vibrations of two point masses connected by a flexible, but inextensible, tether was studied in [7] . These simplified models allow for rigorous mathematical analysis, but they may fail to accurately predict the behavior of actual tethered spacecrafts, particularly since tethered spacecraft operations are typically based on weak nonlinear effects that act over a long time period. Recent numerical studies consider more sophisticated tethered spacecraft models including a varying tether length. But, in these advanced models, rigid body dynamics is ignored [8, 9] , and the reeling mechanism is neglected [8, 10] .
We have been motivated by these previous models to construct a high-fidelity mathematical and numerical model for elucidating the dynamics of tethered spacecraft where the tether is long relative to the dimensions of the spacecraft. This high-fidelity model can serve as a mathematical and computational testbed for exploring the extent to which nonlinear coupling between the various dynamic modes result in interesting and unforeseen phenomena that could serve as the basis for novel mission designs.
For such applications, the primary deployment mechanism is through a reeling mechanism, and a careful model of the reeling mechanism is essential to resolving the coupled interactions between tether, reeling, and rotational dynamics. In particular, this allows us to resolve the elastic waves propagating along the tether, the dynamics of the reeling mechanism, rotational dynamics of the satellites, as well as the external forces arising from solar wind, atmospheric drag or electrodynamic effects. The long aspect ratio of the tether also means that there is effectively no resistance to bending and torsion in the tether, and the main effect is longitudinal elastic deformation along the tether. While bending can easily be incorporated by including an additional term in the potential energy, torsion will require us to consider a larger configuration space for the model. These assumptions and observations motivate the modeling choices that have been made in our model. It is hoped that with this high-fidelity mathematical and numerical model as a benchmark, careful numerical studies can be performed, so as to determine which, if any, of the simplifying assumptions used in other models provide a valid simplified model in the parameter regimes for realistic tethered satellite missions.
More precisely, the goal of this paper is to develop a highfidelity analytical model and numerical simulations for tethered spacecraft. This is an extension of preliminary work that studies a string pendulum model with a reeling mechanism [11, 12] . The first part of this paper provides a realistic and accurate analytical tethered spacecraft model including tether deformations, attitude dynamics of rigid bodies, and a reeling mechanism. We show that the governing equations of motion can be developed using Hamilton's principle.
The second part of this paper deals with a geometric numerical integrator for tethered spacecraft. Geometric numerical integration is concerned with developing numerical integrators that preserve geometric features of a system, such as invariants, symmetry, and reversibility [13] . A geometric numerical integrator, referred to as a Lie group variational integrator, has been developed for a Hamiltonian system on an arbitrary Lie group in [14] .
A tethered spacecraft is a Hamiltonian system, and its configuration manifold is expressed as the product of the Lie groups SO(3), SE (3) , and the space of connected curve segments on R 3 . This paper develops a Lie group variational integrator for tethered spacecraft based on the results presented in [14] . The proposed geometric numerical integrator preserves symplecticity and momentum maps, and exhibits desirable energy conservation properties. It also respects the Lie group structure of the configuration manifold, and avoids the singularities and computational complexities associated with the use of local coordinates. It can be used to study non-local, large amplitude and deformation maneuvers of tethered spacecraft accurately over a long time period. This is in contrast to conventional approaches where small deformations are superimposed to a The main contributions of this paper are summarized as follows: (i) a realistic mathematical model for tethered spacecraft that characterize the nonlinear coupling between the translation dynamics and the rotational dynamics of spacecraft, the translation and the deformation of the tether, and the reeling mechanism, (ii) unifying variational framework to develop equations of motion, (iii) high-fidelity numerical model to compute complex dynamics of tethered spacecraft accurately. This paper is organized as follows. A tethered spacecraft model is described in Section 2. An analytical model and a Lie group variational integrator are developed in Section 3 and in Section 4, respectively, followed by a numerical example in Section 5.
Tethered Spacecraft
We consider two rigid spacecraft connected by an elastic tether. We assume that the rigid spacecrafts can freely translate and rotate in a three-dimensional space, and that the tether is extensible and flexible. The bending stiffness of the tether is neglected as the diameter of the tether is assumed to be negligible compared to its length. The tether is connected to a reeling drum in a base spacecraft, and the other end of the tether is connected to a sub-spacecraft. The point where the tether is attached to the spacecraft is displaced from the center of mass so that the rotational dynamics of the spacecraft is coupled to the tether deformations and displacements. This model is illustrated in Figure 1 .
We choose a global reference frame and two body-fixed frames. The global reference frame is located at the center of the Earth. The first body-fixed frame is located at the center of mass of the base spacecraft, and the second body-fixed frame is located at the end of the tether where the tether is attached to the sub-spacecraft. Since the tether is extensible, we need to distinguish between the arc length for the stretched deformed configuration and the arc length for the unstretched reference configuration. We now introduce some notation: m ∈ R the mass of the base spacecraft, excluding the reeling mechanism J ∈ R the vector from the point where the tether is attached to the sub-spacecraft to the center of mass of the sub-spacecraft represented in its body-fixed frame u ∈ R control moment applied at the reeling drum A configuration of this system can be described by the locations of all the material points of the deployed portion of the tether, namely r(s, t) for s ∈ [s p , L], the location and the attitude of the base spacecraft (x, R) ∈ SE(3), the attitude of the sub-spacecraft R s ∈ SO(3), and the length of the undeployed portion of the tether, s p ∈ R. So, the configuration manifold is
denotes the space of smooth connected curve segments on R 3 , SO(3) = {R ∈ R 3×3 | R T R = I, det[R] = 1}, and SE(3) = R 3 s SO(3) [15] . Throughout this paper, we assume that: (i) the radius of a reeling drum and the length of a guideway is small compared to the length of a tether; (ii) the reeling drum rotates about the second axis of the first body-fixed frame attached to the base spacecraft; (iii) the deployed portion of the tether is extensible, but the portion of the tether on the reel and the guideway inside of the base spacecraft is inextensible; (iv) the gravity is uniform over the base spacecraft and the sub-spacecraft.
The attitude kinematics equation of the base spacecraft and the sub-spacecraft is given bẏ
where the hat map· : R 3 → so (3) is defined by the condition thatxy = x × y for any x, y ∈ R 3 [14] . The inverse of the hat map is denoted by the vee map: (·) ∧ : so(3) → R 3 .
Continuous-time Analytical Model
In this section, we develop continuous-time equations of motion for a tethered spacecraft using Hamilton's variational principle.
Lagrangian
Kinetic energy. The kinetic energy is composed of the kinetic energy of the base rigid body T b 1 , the kinetic energy of the reeling mechanism T b 2 , the kinetic energy of the deployed portion of the tether T t , and the kinetic energy of the sub-spacecraft T s . The kinetic energy of the base rigid body is given by
The kinetic energy of the reeling mechanism is given by
where κ 2 = e 2 ·κ r e 2 . This is obtained by integrating the infinitesimal kinetic energy of the material points on the undeployed portion of tether, and ignoring higher-order terms of b, d due to the assumption that the radius of reeling drum d and the length of the guideway b is much less than the length of the tether. Letṙ(s, t) be the partial derivative of r(s, t) with respect to t. The kinetic energy of the deployed portion of the tether is given by
Letρ ∈ R 3 be the vector from the end of the tether to a mass element of the sub-spacecraft represented with respect to its bodyfixed frame. The location of the mass element in the global reference frame is given by r(L) + R sρ . Then, the kinetic energy of the sub-spacecraft is given by
Here, we use the fact that B sρ dm = ρ c , and J s = − B sρ 2 s dm. The total kinetic energy is given by
Potential energy. From the assumption that the reeling drum is small relative to the length of the tether, the gravitational potential of the base spacecraft and the reeling mechanism can be approximated as follows
where the gravitational constant and the mass of the Earth are denoted by G and M, respectively. The strain of the tether at a material point located at r(s) is given by
where ( ) denotes the partial derivative with respect to s. The tangent vector at the material point is given by
Since this tangent vector has unit length, we have s (s) = r (s) . Therefore, the strain can be written as = r (s) − 1. Using this, the elastic potential and the gravitational potential of the deployed portion of the tether is given by
where E and A denote the Young's modulus and the sectional area of the tether. The location of the center of mass of the sub-spacecraft is r(L) + R s ρ s in the global reference frame. Since we assume that the gravity is uniform over each spacecraft body, the gravitational potential energy of the sub-spacecraft is given by
From (2)- (8), the Lagrangian of the tethered spacecraft is given by
Euler-Lagrange Equations
Let the action integral be
According to the Lagrange-d'Alembert principle, the variation of the action integral is equal to the negative of the virtual work for fixed boundary conditions, which yields the forced EulerLagrange equations. For the given tethered spacecraft model, there are three aspects that require careful consideration: (i) the rotation matrices R, R s that represents the attitudes lie in the nonlinear Lie group SO (3); (ii) the domain of the integral depends on the variable s p (t) at (4); (iii) since the tether is assumed to be inextensible in the guideway, and it is extensible outsize of the guideway, there exists a discontinuity in strain at the beginning of the guideway.
Variation of G b . The attitudes of spacecraft are represented by the rotation matrix R, R s ∈ SO(3). Therefore, the variation of the rotation matrix should be consistent with the geometry of the special orthogonal group. In [14] , it is expressed in terms of the exponential map as
for η ∈ R 3 . The key idea is expressing the variation of a Lie group element in terms of a Lie algebra element. This is desirable since the Lie algebra so(3) of the special orthogonal group, represented by 3 × 3 skew-symmetric matrices, is isomorphic as a Lie algebra to R 3 . As a result, the variation of the three-dimenstional rotation matrix R is expressed in terms of a vector η ∈ R 3 . We can directly show that (11) satisfies
The corresponding variation of the angular velocity is obtained from the kinematics equation (1):
Using (11), (12) , and integration by parts, the variation of G b is given by
Variation of G t . The action integral for tether, namely G t is expressed as a double integral on (t, s)
given by
Thus, its variation should take account of the s p (t) variation:
whereṙ(s + p ) represents the material velocity at the outside of the guideway. Now, we focus on the first term of (14) . We cannot apply integration by parts with respect to s, since the order of the integrals cannot be interchanged as s p (t) depends on t. Instead, we use Green's theorem [11] ,
where C represents the counterclockwise line integral on the boundary C of the region
For the first two lines, δr(s) = 0 since t = t 0 , t f . For the last line, ds = 0 since s is fixed. Thus, parameterizing the third line by t, we obtain
Substituting this into (15) and rearranging, we obtain
Substituting (16) into (14), and using integration by parts, the variation of G t can be written as
where
. This is further simplified as follows. Let r p = r(s p (t), t) be the location of the beginning of the guideway. Since it can be written as r p = x + Rρ, we have δr p = δr(s
Similarly, we obtaiṅ r(s
Substituting these into (17), the variation of G t is expressed in terms of δr(s), δs p , δ x , η, and δr(L).
Variation of G s . Similar with (13), the variation of G s is given by
In short, the variation of the action integral is given by (13), (17) , and (18).
Variational Principle with Discontinuity. Let r(s − p ), and r(s + p ) be the material point of the tether just inside the guide way, and the material point just outside the guide way, respectively. Since the tether is inextensible inside the guide way, r (s
Since the tether is extensible outside the guide way, r (s
where + represents the strain of the tether just outside the guide way. Due to this discontinuity, the speed of the tether changes instantaneously by the amount + |ṡ p | at the guide way. As a result, the variation of the action integral is not equal to the negative of the virtual work done by the external control moment u at the reeling drum. Instead, an additional term Q, referred to as Carnot energy loss term should be introduced [9, 16] . The resulting variational principle is given by
The corresponding time rate of change of the total energy is given byĖ = (Q + u/d)ṡ p , where the first term Qṡ p represents the energy dissipation rate due to the velocity and strain discontinuity. The corresponding expression for Q has been developed in [11] :
Euler-Lagrange Equations. Using these results, and the variational principle with discontinuity (19) , we obtain the EulerLagrange equations for the given tethered spacecraft model in (21)-(26). In (24), we require that r(s p ) = x + Rρ for the continuity of the tether. These equations provide a comprehensive, analytical model of tethered spacecraft, including rotational dynamics of spacecraft, deformation of tether, and reeling mechanism. We have shown that the equation of motions can be derived based on a variational principle in a unified way. These can be simplified in a number of special cases. For example, we can substitutė s p = 0 when the length of the deployed portion of the tether is fixed, and we can set ρ = ρ s = 0 when the main spacecraft and the sub-spacecraft are modeled as point masses instead of rigid bodies.
Lie Group Variational Integrator
The Euler-Lagrange equations developed in the previous section provide an analytical model for a tethered spacecraft. However, the standard finite-difference approximations or finiteelement approximations of those equations using general purpose numerical integrators may not preserve the geometric properties of the system accurately [13] . For example, it has been
r (s) denotes the tension of the tether.
shown that a general purpose numerical integrator fails to compute the energy dissipation rate correctly [17] , and that explicit Runge-Kutta methods do not preserve the orthogonal structure of rotation matrices, thereby yielding unreliable numerical results for the rotational dynamics of a rigid body [18, 19] . Geometric numerical integrators deals with numerical integration techniques that preserve the underlying geometric properties of a dynamical system, such as invariants, symmetries, or the structure of configuration manifolds [13, 20] . Variational integrators provide a systematic method to construct geometric numerical integrators for mechanical systems [17] , where a numerical integrator is developed according to a discrete analogue of Hamilton's variational principle. Numerical flows of variational integrators have desirable properties such as symplecticity and momentum preservation, and they exhibit good energy behavior over a long time period.
In particular, Lie group variational integrators are developed for Lagrangian/Hamiltonian systems evolving on a Lie group [14] . They inherit the desirable computational properties of variational integrators, and they also also preserve the Lie group structures of a configuration manifold naturally by updating a group element using the group operation. These are in contrast to projection-based methods where projection at each time-step may corrupt conservation properties, or constrainedbased methods where a nonlinear constraint needs to be solved at each time-step. They also avoid singularities introduced by local parameterizations of a Lie group.
The unique feature of Lie group variational integrators is that they preserve both the symplecticity of mechanical systems and the nonlinear structure of a Lie group configuration manifold concurrently, and it has been shown that this is critical for accurate and efficient simulations of multibody dynamics [19] .
In this section, we develop a Lie group variational integrator for a tethered spacecraft. We first discretize the tether using a finite-element model, and we construct a discrete Lagrangian, which is used to derive the discrete Euler-Lagrange equations for tethered spacecrafts.
Discretized Tethered Spacecraft Model
Let h > 0 be a fixed time-step. The value of variables at t = t 0 + kh is denoted by a subscript k. We discretize the deployed portion of the tether using N identical line elements. Since the unstretched length of the deployed portion of the tether is L − s p k , the unstretched length of each element is l k = L−s p k N . Let the subscript a denote the variables related to the a-th element. The natural coordinate on the a-th element is defined by
This varies between 0 and 1 on the a-th element. Let S 0 , S 1 be shape functions given by S 0 (ζ) = 1 − ζ, and S 1 (ζ) = ζ. These shape functions are also referred to as tent functions. Using this finite-element model, the position vector r(s, t) of a material point in the a-th element is approximated as follows:
Therefore, a configuration of the discretized tethered spacecraft at t = kh+t 0 is described by g k = (x k ; R k ; s p k ; r k,1 , . . . , r k,N+1 ; R s k ), and the corresponding configuration manifold is
. This is a Lie group where the group acts on itself by the diagonal action [15] : the group action on x k , s p k , and r k,a is addition, and the group action on R k , R s k is matrix multiplication.
We define a discrete-time kinematics equation using the group action as follows. Define f k = (∆x k ; F k ; ∆s p k ; ∆r k,1 , . . ., ∆r k,N+1 ; F s k ) ∈ G such that g k+1 = g k f k : (x k+1 ;R k+1 ; s p k+1 ; r k+1,a ; R k+1 ) = (x k + ∆x k ; R k F k ; s p k + ∆s p k ; r k,a + ∆r k,a ; R s k F s k ). (29) Therefore, f k ∈ G represents the relative update between two integration steps. This ensures that the structure of the Lie group configuration manifold is numerically preserved since g k is updated by f k using the right Lie group action of G on itself.
Discrete Lagrangian
A discrete Lagrangian L d (g k , f k ) : G × G → R is an approximation of the Jacobi solution of the Hamilton-Jacobi equation, which is given by the integral of the Lagrangian along the exact solution of the Euler-Lagrange equations over a single timestep:
whereg(t) : [0, h] → G satisfies Euler-Lagrange equations with boundary conditionsg(0) = g k ,g(h) = g k f k . The resulting discrete-time Lagrangian system, referred to as a variational integrator, approximates the Euler-Lagrange equations to the same order of accuracy as the discrete Lagrangian approximates the Jacobi solution [17] . We construct a discrete Lagrangian for the tethered spacecraft using the trapezoidal rule. From the attitude kinetics equations (1), the angular velocity is approximated bŷ
Define a non-standard inertia matrix
Using the trace operation and the non-standard inertia matrix, the rotational kinetic energy of the main spacecraft at (2) can be written in terms ofΩ as
. Using this, and (2), (3), the kinetic energy of the base spacecraft is given by
where we use properties of the trace operator:
for any matrices A, B ∈ R 3×3 . Next, we find the kinetic energy of the tether. Using the chain rule, the partial derivative of r k (s), given by (28), with respect to t is given bẏ
Substituting this into (4), the contribution of the a-th tether element to the kinetic energy of the tether is given by
where inertia matrices are given by
Similar to (30), from (5), the kinetic energy of the sub-spacecraft is given by
From (30), (31), (32), the total kinetic energy of the discretized tethered spacecraft is given by
Similarly, from (6), (7), and (8), the total potential energy is given by
Using (33), (34), we choose the discrete Lagrangian of the discretized tethered spacecraft to be:
Discrete-time Euler-Lagrange Equations
We define the discrete action sum
According to the discrete Lagrange-d'Alembert principle, the variation of the action sum is equal to the negative of the discrete virtual work. This yields the discrete-time forced EulerLagrange equations, which we call a variational integrator.
In [14] , the following Lie group variational integrator has been developed for Lagrangian systems on an arbitrary Lie group:
where TL : TG → TG is the tangent map of the left translation, D f represents the derivative with respect to f , and Ad * : G × g * → g * is co-Ad operator [15] . The virtual work due to the control input and the Carnot energy loss are denoted by U d k ∈ g * , and Q d k ∈ g * , respectively, and they are chosen to be
By substituting (35), (38), and (39) into (36) and (37), we obtain a Lie group variational integrator for the given discrete tethered spacecraft model. This involves deriving the derivatives of the discrete Lagrangian and their co-tangent lift. More details about the derivation and the resulting Lie group variational integrators are summarized in the Appendix, which also includes a description of the computational approach.
Computational Properties. One of the desirable computational properties of the proposed Lie group variational integrator is that it is developed directly on the special orthogonal group, using rotation matrices. It is well know that local parameterizations of SO (3), such as Euler angles or Rodrigues parameters, have singularities. Therefore, they are not suitable for numerical simulation of complex rotational maneuvers of spacecraft, as one has to continually transform into new local parameterizations in order to avoid the numerical ill-conditioning that arises near the coordinate singularities.
Quaternions do not have singularities but since the group SU(2) of quaternions double-covers SO(3), there is an ambiguity in representing attitudes. Furthermore, the unit-length of quaternions is not generally preserved in numerical simulations, and therefore attitudes cannot be determined accurately. In some cases, numerical solutions are obtained by applying a one-step method and projecting onto the unit sphere at each time-step. But, such projections interfere with the desirable long-time properties of numerical integrators, since the projection typically breaks the structure-preservation property, and the errors accumulate over time.
In the proposed approach, rotation matrices are updated using the corresponding group operation, namely matrix multiplication, and therefore the group structure is preserved automatically to the level of machine precision, without the need for projection. This also avoids the singularities and ambiguities that arise in other attitude representations.
Numerical flows of the proposed Lie group variational integrator are symplectic and momentum preserving as it is developed according to Hamilton's variational principle. These ensure long-term structural stability in computational results, and they avoid the artificial numerical dissipation that appears in general purpose numerical integrators. These conservation properties are difficult to achieve in conventional approaches that are based on finite-difference approximations of the continuous equations of motion.
Numerical Example
We illustrate the computational properties of the Lie group variational integrator. The properties of the tethered spacecraft are chosen to be Initially, the base spacecraft is on a circular orbit with an altitude of 300 km, and the tether and the sub-spacecraft are aligned along the radial direction. The initial unstretched length of the deployed portion of the tether is 20 km, i.e., s p (0) = 100 km.
The initial velocity at each point of the tether and the subspacecraft is chosen such that it corresponds to the velocity of a circular orbit at that altitude. We consider the following three cases. In the first case, the reeling drum is fixed so that the length of the deployed portion of the tether is fixed, i.e.,ṡ p ≡ 0. In the second case, the reeling drum is free to rotate, and the tether is released due to the gravity gradient between the base spacecraft and the sub-spacecraft. The third case is the same as the first case except that the initial velocities of the base spacecraft and the sub-spacecraft are perturbed by about 15% to generate a tumbling motion. For all the cases, the number of tether elements is N = 20. The orbital period of a point mass on a circular orbit at the altitude of 300 km is 5410 seconds.
Simulation results, including time-step, CPU time, and the mean deviation of conserved quantities are summarized in Table 1. For the first case and the third case, we compare the computational properties of the proposed Lie group variational integrator with a Runge-Kutta method: the tether is semi-discretized using the same finite-elements, and the resulting system of continuoustime equations is integrated with an explicit Runge-Kutta method with the same second-order accuracy.
Step sizes are chosen such that the CPU time for the Runge-Kutta method is slightly higher than the proposed Lie group variational integrator.
Figures 2-4 illustrate simulation results for each case. We consider a fictitious local vertical, local horizontal (LVLH) frame that is attached to an imaginary spacecraft on a circular orbit with an altitude of 300 km. For each figure, we have the following subfigures: (a) the maneuvers of the tethered spacecraft are illustrated with respect to the LVLH frame. To represent the attitude dynamics of spacecraft, the size of the spacecraft is increased by a factor of 100, and the relative strain distribution of the tether at each instant is represented by a color shading. The remaining subfigures show: (b) the energy transfer, (c) the computed total energy deviation from its initial value, (d) the angular velocity of the base spacecraft, and (e) the unstretched/stretched length of the tether. For the first case and the third case, the computed total energy deviation and the angular velocity of the base spacecraft are compared with the results from the Runge-Kutta method.
In the first case, we observe a pendulum-like motion where the tether is taut and its stretched length is almost close to the unstretched length. But, one observes a strain wave that propagates along the tether, and nontrivial attitude dynamics for the base spacecraft and the sub-spacecraft. The proposed Lie group variational integrator exhibits excellent conservation properties, as shown in Table 1 . The Runge-Kutta method exhibits relative large deviations in the total energy, and large errors in the preservation of the orthogonal structure of rotation matrices. As illustrated in Figure 2(d) , the errors in preserving the conserved quantities also cause errors in computing the angular velocities: there is a noticeable difference after t = 300 seconds.
In the second case, the tether is deployed by gravity gradient effects between the base spacecraft and the sub-spacecraft. Due to the Carnot energy term discussed in the previous section, the total energy increases slightly. As the mass in the base spacecraft is transferred to the deployed portion of the tether, there is kinetic energy transfer from the base spacecraft into the deployed portion of tether, as seen in Figure 3(b) .
The third case is most challenging: there are in-plane and out-of-plane tumbling motions; the tether is stretched by 25 %; the attitude dynamics of the spacecrafts are nontrivially excited with large angular velocities. As the altitude of tethered spacecraft increases, the kinetic energy is transferred to the gravitation potential energy, and there is also kinetic energy exchange between spacecraft and tether at a higher frequency. The proposed Lie group variational integrator computes the complex dynamics of this tethered spacecraft accurately, and it exhibits excellent conservation properties compared with Runge-Kutta method, as shown in Table 1 .
One of the most distinct features of the proposed computational model of tethered spacecraft is that it explicitly takes account of the coupling between several dynamic modes, which have been ignored in most of the existing approaches. As a concrete example to demonstrate the coupling effect between the rotational dynamics of tethered spacecraft with the translational orbital dynamics, the third case is repeated while assuming that the base spacecraft and the sub-spacecraft are modeled as point masses, i.e., ρ = ρ s = 0. The differences in the position of the base spacecraft and the sub-spacecraft between the full dynamics model proposed in this paper and the simplified model without the attitude dynamics are illustrated at Figure 5(a,b) . Ignoring the attitude dynamics causes mean errors of 1.03 km and 8.29 km in the computed position of the base spacecraft and the sub-spacecraft, respectively. This is a noticeable discrepancy considering the fact that the simulation period is slightly longer than one orbital period, and that the ratio of the rotational kinetic energy to the total kinetic energy is at the level of 10 −5 . In particular, as illustrated at Figure 5(c) , the relative position of the sub-spacecraft with respect to the base spacecraft and the configuration of the tether could be drastically different. These illustrate the importance of the nonlinear coupling effects between the attitude dynamics and the translational dynamics of tethered spacecraft in complex maneuvers.
Conclusions
We develop continuous-time equations of motion and a geometric numerical integrator for a tethered spacecraft model that includes tether deformation, spacecraft attitude dynamics, and a reeling mechanism. This provides an analytical model that is defined globally on the Lie group configuration manifold, and the Lie group variational integrator preserves the underlying geometric features, thereby yielding a reliable numerical simulation tool for complex maneuvers over a long time period. We also show that both of continuous-time model and numerical integrators for tethered spacecraft can be derived using a variational framework.
The numerical results suggest that any small disturbance to the tethered spacecraft is propagated along the tether at a high velocity, which is determined by the material properties of tether. Since the points of contact between tether and spacecraft are displaced from the center of mass of the spacecraft, the elastic disturbances of the tether excite the rotational dynamics of spacecraft significantly. Therefore, it is critical to accurately model the reel mechanism, deformation of the tether, spacecraft rotational dynamics, and their interaction, for obtaining realistic numerical predictions about how tethered spacecraft behave when performing aggressive maneuvers.
Future directions include designing optimal orbital maneuvers of tethered spacecraft by adopting computational geometric optimization techniques based on the proposed Lie group variational integrator [21] . 
Similarly, we obtain
Expression for the derivatives of the discrete Lagrangian with respect to R k , R s k are similarly developed. The Lie group variational integrator given by (36) also involves the co-Adjoint map [15] . Using the product structure of the configuration manifold, the second term of (36), namely The co-Adjoint map on a real space is the identity map on that real space. For example,
The co-Adjoint map on SO(3) is given by Ad * F −1 
. Lie Group Variational Integrator
Once the derivatives of the discrete Lagrangian and their co-Adjoint maps are obtained, they are substituted into (36), (37) with the contributions of the external control moment (38), and the Carnot energy loss term (39). The resulting discretetime Euler-Lagrange equations of tethered spacecraft are given by (A.12)-(A.18), where the constraint on the continuity of the tether at the beginning of the guide way is given by (A.13), and (A.15) is satisfied for a = 2, . . . , N.
For a given g k = (x k ; R k ; s p k ; r k,1 , . . . r k,N+1 ; R s k ), we solve (A.12)-(A.18) for the relative update f k = (∆x k ; F k ; ∆s p k ; ∆r k,1 , . . ., ∆r k,N+1 ; F s k ). Then, the configuration at the next step, namely g k+1 is obtained by (29). This yields a discrete-time Lagrangian flow map (g k , f k ) → (g k+1 , f k+1 ), and this is iterated. 1 Special Cases. If we set ∆s p k ≡ 0 for all k, then the discretetime Euler-Lagrange equations provide a geometric numerical integrator for tethered spacecraft with a fixed unstretched tether length. If we chose ρ = ρ c = 0, then these equations describe the dynamics of two point masses connected by tether and a reeling mechanism.
Computational Approach. These Lie group variational integrators for tethered spacecraft are implicit: at each time-step, we need to solve nonlinear implicit equations to find the relative update f k ∈ G. Therefore, it is important to develop an efficient computational approach for these implicit equations. This computational method should preserve the group structure of f k , and in particular, the orthogonal structure of the rotation matrix F k ∈ SO(3) should be preserved. The key idea of the computational approach proposed in this paper is to express the rotation matrix F k in terms of a vector c k ∈ R 3 using the Cayley transformation [13] :
Since the rotation matrix F k represents the relative attitude update between two adjacent integration steps, it is a near-toidentity transformation when the time-step h is sufficiently small. As such, the expression above remains valid for numerical simulations even though the Cayley transformation is only a local diffeomorphism between R 3 and SO(3) about c k = 0 and F k = I.
Our computational approach is as follows. The implicit equations for F k and F s k , namely (A.17), (A.18) are rewritten in terms of vectors c k , c s k using (A.19). Then, the relative update map is expressed by a vector X k = [∆x k ; c k ; ∆s p k ; ∆r k,1 , . . . ∆r k,N+1 ; c s k ] ∈ R 3(N+1)+10 , which is solved by using a Newton iteration. After the vector X k converges, the rotation matrices F k and F s k are computed by (A. 19) , to obtain f k ∈ G.
This computational approach is desirable, since the implicit equations are solved numerically using operations in a linear vector space. Rotation matrices, F k and F s k are computed by numerical iterations on R 6 , and its orthogonal structure is automatically preserved by (A.19) . It has been shown that this computational approach is numerically efficient [19] .
